Abstract. We consider the SO4 invariant quantum dynamics of a point particle moving on the 3-sphere (or equivalently, of the relative motion of the spherical top). Quantum exchange relations for different times are derived with an "R matrix" depending on the time difference and on the conserved angular momentum. Their implications for correlation functions are spelled out. The chiral exchange relations of Alekseev and Faddeev [1] are also extended to different times.
Introduction
A fresh view of the dynamics of a point particle moving on a group manifold G can serve both as an introduction to G current algebra models and as a part of their study -concerning the zero modes (for a sample of references on the Hamiltonian approach to such models -see [2, 3, 4] ). Alekseev and Faddeev [1] presented an R-matrix treatment of the phase space Γ = T * SU 2 with an emphasis on its splitting into chiral parts which admit a natural quantum group deformation. Here we present a manifestly SO(4) invariant solution of the quantum mechanical model (independent of the choice of splitting into right and left movers). It is pointed that the SO(4) spectrum of the state space coincides with that of the non-relativistic hydrogen atom. The operator form of the solution g(t) = e − + 3 4h t g(0), e(x) = e ix , where g ∈ SU 2 , = 1 σ 1 + 2 σ 2 + 3 σ 3 is the right invariant angular momentum matrix that is a (hermitian) element of the Lie algebra su 2 , allows one to compute correlation functions of g(t) at different times. (We work out the example of the 4-point function.) Our main result is the derivation of generalized "exchange relations" g(t 2 ) ⊗ g(t 1 ) = R 12 g(t 1 ) ⊗ g(t 2 ) = g(t 1 ) ⊗ g(t 2 ) R 12
where the "R-matrix" (or rather "6 − j symbol") depends on the time difference t 12 = t 1 − t 2 (playing the role of a spectral parameter) and on the conserved right (or left) invariant angular momentum (or˜ ). The representatives of the resulting R-matrices with operator valued entries on a set of (permuted) n-point correlation functions satify a generalized Yang-Baxter equation (Eq. (3.19) below). R 12 appears to provide an example for an R-matrix depending on a spectral parameter in the framework of quasi-coassociative bialgebras (cf.
[5]) 1 . In Sec. 4 we review the results of ref. [1] on the chiral R-matrices of the "top-model" and extend them too to different times.
The phase space
Writing the SU 2 group element g = (g β α ) as a pair of conjugate 2-spinors
we find that gg * is a multiple of the unit matrix
Thus, the configuration space SU 2 ≈ S 3 appears as a real hypersurface in C
2
given by the constraint equation
We shall derive the PB structure on Γ from the canonical PB on T * C 2 . Let
be the canonical momentum matrix. The non-zero PB on T * C 2 are
The restriction to Γ yields the secondary constraints 2µ ≡ tr(gp
Rather than computing the Dirac brackets for π ( * ) and w ( * ) we shall single out a subalgebra A(Γ) of the algebra of functions on T * C 2 whose Dirac brackets coincide with the original PB. To this end we introduce the right invariant angular momentum
and its left invariant counterpart
and˜ generate left and right infinitesimal SU 2 shifts:
(and similar formulae for the PB with p). They imply that the angular momenta have vanishing PB with the constraints,
(and similar relations for˜ ), thus appearing as gauge invariant observables corresonding to vector fields tangent to Γ. They span among themselves the SU 2 × SU 2 PB Lie algebra:
The similarity relation (1.8a) between − and˜ implies that left and right angular momentum squares coincide:
The subalgebra A(Γ) with the above mentioned property is generated by ,˜ and g subject to the relations (1.9) (1.11-13) and
(1.14)
(The variable µ that serves to define the secondary constraint (1.6) is excluded from A(Γ).)
Hamiltonian is a function of L 2 and of the constraint (1.3). For an appropriate choice of the time parameter we can write
This implies conservation of angular momentuṁ
and yields the Lagrangian
which allows to identify the linear momentum (1.4) withġ and the angular momenta and˜ with (the traceless parts of) iġg * and −ig * ġ .
Quantum A(Γ): equations of motion and their solution; vacuum representation
We define the quantum algebra Ah = Ah(Γ) as the algebra generated by , and g with the PB (1.9) (1.11) (1.12) and (1.14) represented by commutators according to the rule ih{ ,
The deformation parameterh also appears in the matrix counterpart of (1.13),
and in the equations of motion:
(2.3) While the quantum matrix equations = iġg * ,˜ = −ig * ġ require renormalization (subtraction of the trace in the right hand side) the counterpart of (1.8b) remains unchanged:
If one uses the "row spinors" (1.1) then the left and right invariant momenta and assume a rather different role. While˜ displays the spinorial character of w,
2 3 plays the role of a charge operator (such that w * and w appear as positively respectively negatively charged):
Ah(Γ) admits an antilinear involution ϑ, "the TCP symmetry", such that
We shall view the elements of Ah(Γ) as operators in the vacuum Hilbert space H with a unique SU 2 × SU 2 invariant state 0 | | 0 such that | 0 is a cyclic vector with respect to Ah(Γ) and
The involution ϑ(A) is then implemented by an antiunitary operator Θ such that
Charge conservation implies that only even point correlation functions with an equal number of w and w * can be nonvanishing. Θ invariance and antiunitarity
allow to relate correlation functions with opposite order of factors, e.g.
(2.11) ( i w ( * ) stands, as usual, for the ith factor in a 2n-fold tensor product.) Using the solution of the equations of motion (2.3),
Eq. (2.12b) and Θ and time translation invariance allow us to write
14) The normalization is dictated by the (quantum) constraint (1.3). One can also rewrite (2.14) in terms of g: 
(2.17) where P 34 is the operator permuting the indices β 3 β 4 such that 
the eigenvalue N being thus N 2 fold degenerate. We observe that H has the SO(4) structure of the space of bound states of the non-relativistic hydrogen atom. In fact, the energy spectrum of the hydrogen atom is reproduced by the Hamiltonian
(2.23)
A quantum R-matrix with operator valued entries
The operators g(t) satisfy for different times a generalized exchange relation of the type
where R 12 and R 12 depend on the time difference t 12 and on the conserved right and left invariant angular momenta a and˜ a , respectively. To construct R 12 and thus derive (3.1) we express
) and use the commutatativity of g at equal times:
where U 12 is a unitary operator defined by
where P = P 12 is a permutation operator related to the su 2 Casimir invariant in the tensor product space:
Noting that P is involutive and interchanges particle momenta,
and using the identities
+2L(L +h) = 0, and
we deduce from (2.13) and the above calculation thatR 12 can be written in the form
where the exponential has been factored out for later convenience and
To compute F i we differentiate (3.1) with respect to t 1 finding
To see that the structures in (3.6a) are reproduced we use the identity
The resulting system of ordinary differential equations for F i with the initial condition
has a unique solution given bȳ
10a)
10b)
10c)
10d)
The operator F 12 (just as well as R 12 ) goes into its inverse if we interchange the labels 1 and 2
in accord with the involutivity of (3.1). One can derive a similar relation for R 12 = R 12 (t 12 ; a ) (of (3.1)); the result is
Acting on the right and left vacuum R 12 and R 12 reduce to the same numerical matrix:
the vacuum value of F 12 in both cases being
More generally, we can compute the action of R i i+1 on correlation functions. The above analysis tells us that the resulting expressions for F 12 and F 2n−1 2n are given by (3.13b) with P = P 12 and P = P 2n−1 2n (and t = t 12 , t = t 2n−1 2n ), respectively. It is instructive to compute as a less trivial example the middle R-matrix, R 23 , for the 4-point function (2.17), (2.19). We first note, using (2.19) and (2.20) , that each three permutations P ij , for either i, j = 2, 3, 4 or i, j = 1, 2, 3, acting on the equal time 4-point function are linearly dependent:
Indeed, this is true for any one of the three terms in the right hand side of (2.19). Denoting the matrix βiβj by (ij) we can write (1i) (jk) (P 23 + P 34 + P 24 ) = 0 = (ij) (k4) (P 12 + P 23 + P 13 ) (3.14b)
for any permutation (i, j, k) of (2,3,4) (respectively (1,2,3) ). Furthermore, we note the relations
As a result we find the following equivalent realizations of F 23 in the space of 4-point functions: F 23 4 = e(h t 23 P 34 ) e(h t 23 P 24 ), (3.16a)
F 23 4 = e(h t 23 P 12 ) e(h t 23 P 13 ) (3.16b) (the first acting from the right, the second from the left of (2.17)). The matrix R 13 defined as the ratio of corresponding 4-point functions (2.17),
where we omit the brackets indicating matrix elements and set
depends on the middle point t 2 (rather than just on the time difference t 13 ). The R ij (and F ij ) so defined are verified to satisfy the relations
(t 12 ) R (t 12 ), (3.19) where the upper indices (ijk) stand for the order of i g (t i ) to which R is applied. We note that such generalized Yang-Baxter equations that reflect the operator dependence of R are reminiscent to the relations found by Mack and Schomerus in their study of quasi co-associative quantum symmetries [5] .
The "quantum R matrix" allows to obtain its classical counterpart. Setting
we find
or a similar expression with r(t, ) =r(t, − ) acting on the left. We can also write a simpler looking (linear in t) expression for the PB on the price of having an operator acting on both sides of 
Splitting into right and left movers' dynamics
In the study of chiral current algebra models one also needs the splitting of the zero modes under consideration into chiral parts. We shall briefly review the treatment of this problem in [1] and will derive an expansion for the different time PB and for the quantum exchange relations in a chiral theory involving the right invariant momenta .
Let u and v be unitary 2 × 2 matrices that relate and˜ to the diagonal matrix ±Lσ 3 :
This is consistent with the relation g = −g˜ for
The conditions (4.1) and (4.2) do not fix u and v in a unique manner: they leave room for a (time dependent) gauge transformation
with D any non-singular diagonal matrix. At the classical level u and v can be parametrized in terms of the angular momenta and˜ and a pair of zero mode variables ξ,ξ:
(At the quantum level these relations give rise to an ordering problem.) It is convenient to regard at this stage the variables u and v as completely decoupled.
We shall take the equality L =L into account later on.
We concentrate for the moment on the right invariant u-sector and consider the first order classical Lagrangean
which, according to (4.1a), can be also written in the form
¿From (4.5a) we deduce
while (4.5b) yields
The Lagrange multiplier is found to coincide with the Hamiltonian,
while the classical equation of motion
indicates that u carries just a half of the time dependence of g. Indeed, according to (4.2),
The phase space Γ + of the variables u and satisying (4.1a) is 4-dimensional. Indeed the solution of the constraints (4.1a) can be parametrized by the commuting integrals of motion L and 3 , or the ratio
and a pair of angle variables ϕ and ξ, so that
(4.11) The canonical 1-form corresponding to the first term of the Lagrangean (4.5b), i tr d uu * , gives rise to the symplectic form
(4.12)
The associated non-zero canonical PB
can be written as quadratic (equal time) PB relations for the matrix elements of u:
As pointed out in [1] the relation (4.14) admits a U q (s 2 ) deformation which allows one to connect it with the exchange relations for isospin 1 2 primary fields in a su 2 current algebra model.
Here we only note that the method of this paper allows to compute the PB of the chiral field u for different times with the result The corresponding quantum exchange relation can also be written in a form similar to (3.12), (3.6) or, alternatively, as a product of the equal time quantum R matrix (computed in [1] by a pair of diagonal matrices. The quasi-classical limit of R is obtained for h → 0, N → ∞, Nh → 2L, finite:
with r(L) given by (4.14). Using the defining relations (4.7) and 
